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SECOND HANKEL DETERMINANT FOR SUBCLASSES OF PASCU CLASSES OF ANALYTIC 
FUNCTIONS 


M. S. SAROA, GURMEET SINGH AND GAGANDEEP SINGH 


Abstract: We define two subclasses of the class of Pascu functions. For any realj, we are interested in 
determining the upper bound of laa, - paž for an analytic function f(z)=z2+a,27 +a,z° suus (lc «1) 


belonging to these classes. 


1. INTRODUCTION AND DEFINITION: 
PRINCIPLES OF SUBORDINATION. Let f(z) and F(z)be two analytic functions in the unit disc 


E={z: lel <1}. Then, f(z) is said to be subordinate to F(z) in the unit disc E if there exists an 


analytic function w(z) in E satisfying the condition w(0) - 0, 





w(z) <1 such that f(z) = F(w(2)) 
and we write as f(z) E F(z). In particular if F(z) is univalent in D, the above definition is 
equivalent to f(0)=F(0) and f(E) c F(E). 


FUNCTIONS WITH POSITIVE REAL PART: Let P denotes the class of analytic functions of the 
form 


(1.1) P(z)=1+ pz * pz" + M 
with ReP(z)»0, 2e D. 
Let A denote the class of functions ofthe form 
(1.2) f(z)=2+ Yaz" 
= 
which are analytic in the open unit disc D = (z: le <1}. 


S is the class of functions of the form (1.2) which are univalent. 
The Hankel determinant: (|9],[10]) 


Let f(z) = Ya be analytic in D. For q » 1, the qth Hankel determinant is defined by 
n=0 


n n+1 n+q-1 

H (n)- a (rS a 
q n4l n+2 n+q 
Ogi neq" n+2q-2 
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The Hankel determinant was studied by various authors including Hayman[3] and Ch. 
Pommerenke ([13],[14]). For q= 2 and n = 2, the second Hankel determinant for the analytic 
function f(z) is defined by 








R, represents the class of functions f(z) A and satisfying the condition 
fiz 

l ) >0,zeD, 

z 


R, is a particular case of the class of close to star function defined by Reade[17]. The class R, 





(1.3) Re 





and its subclasses were vastly studied by several authors including Mac-Gregor|[7]. 


Let R be the class of functions f(z) e A and satisfying 
(1.4) Ref'(z)» 0, ze D. 


The class R was introduced by Noshiro [11] and Warschawski[18] ( known as N-W class) 
and it was shown by them that Ris a class of univalent functions. The class Rand its 
subclasses were investigated by various authors including Goel and the author ([1], [2]). 


For «20, R (a) and R,(a) denote the classes of functions in A which satisfy, respectively, 


the conditions 








(1.5) Re (1-a) Esarfa) >0,zeD 
l and 
(1.6) Rel f'(z)+ azf"(z)| >0,zeD,. 


The classes R,(a) and R,(«) were introduced by Pascu [12] and are called Pascu classes of 


| 


functions. It is obvious that f(z) e R,(a) implies that zf'(z) e R, (a). 


We shall deal with the following classes 








(1-2), ap (2) et a2>0,-1<B<A<1zeD 


R(eAB)= [re : cB 








(1.7) 
and 


(1.8) R, (sa B)- [re A: Ps) seri) 1+ Az 


1+ Bz 








az0-1sB<AsizeD]| 


R (a;1,-1) = R (a) and R, (a;1,-1) = R, (a) .R,(a;A,B) is a subclass of R (a) and R, (o; A, B) isa 


sublass of R,(a) . The classes R, (o; A.B) and R, (a; A, B) were studied by the 





author[8 ].Througout the paper, we assume that « > 0,-1<B<A<1 and zeD. 


2. PRELIMINARY LEMMAS 
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Lemma 2.1 [15]. Let P(z) e P(z), then 
In|s2 @=1,2,3,..) 
Lemma 2.2 [5]. Let P(z)e P(z), then 
2p, = p? +(4- p?)x, 
4p, = P? +2p, (4- p2)s - p, (4- n2)? +2(4~ pi)(1-lxf Jz 


for some x and z with E <1 Jz 








«1 and p, e[0,2]. 


3. MAIN RESULTS 
Theorem 3.1: Let f € R,(a;A,B), then 


2 
la,a, - ya} | < 





TATE (reza -2u(1+a)(1+3a)} NN ES 
(3) a(1+a)(1+8a)(1+2a) (122) u(1+a)(1+3a)} (1«24) f u <0; 























E | (1 +24} -4u(1+a)(1+3a)} "m 
SPA | AaB a(1+a)(1+8a)(1+2a) (1 22) -u(1+a)(1+3a)} (1+ 2c) 
ae B(1+2a) — 
me | A(1«a)(1*3a)' 
(3.3) e a | 3(1«24) gud 3(1«24) 
A-B)| (1420) 4(1+a)(1+3a) ^  2(1+a)(1+8a)' 
i jl ut «a (re 22)- (1 22] à 
"A (48) ioca ceto ee pneu) (122 (1420) 
à  2(1« a)(1«3a) 
L 


Proof. By definition of subordination, 





ica Bart e 
Taking real parts, 
moa rte n c 
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iE Pep ides 
which implies that 
(3.5) 1+ — [ (1+ a)a,z +(1+2a)a,2” +(1+ 3a)a,z° +] = P(z) ; 


Equating the coefficients in (3.5), we get 
1-B\ p, 

a, = 
A-B (1 + a) 


(3.6) «(15i P» 


A-B 1+2a) 


" bl P, 
^ (A-B (143a) 


System (3.6) ensures that 
(3.7) C(a)(a,a, - ua?) - (122) p,(4p,)- u(1+a)(1+3a)(2p,} , 














(3.8) ofa) =a A=B) (caja «aono . 


Using Lemma 2.2 in (3.7), we obtain 


C(a)(a,a, - ua?) = (1420) p| p? «2p, (4—p?)x- p,(4-p?) a” +2(4~ s (1- I)e | 


-u(1« a)(1 3a) | p? +(4-p?)x] 
for some x and z with E «1, le <1. or 
(39) C(a)(a,a, - ua) - (1422) -u(1+a)(1+3a)| pi 


2 


2 (Le 20 -u(1+a)(1+3a) |p? (4-p?)x 


) 
-(4- »;) ) reza) - u(1 a)( )(1+3a)} pt + 4u(1 +a)(1+3a) a? 
res (4- aJ -kf Jz 
Replacing p, by p € [0,2] and applying triangular inequality to (3.9), we get 
(124) -u(1+a)(1+3a) (1+2a) -u(1+a)(1+3a) p'(4- p^)o 
C(a)jesa, - nes | s (4 *)| (i22) -u(1+a)(1+3a) |p” u(L (132) b 


42(1+2a) p(4- p*)(1- 5*).( = |x| 1) 


p +2 














which can be put in the form 
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(1420) -u(1+a)(1+3a) |p" +2(1+2a) p(4- p”) 
+2|(1+2a) -u(1+a)(1+3a)] p (4- p°) 
+(4-p?) reza) - u(1+a)(1+3a)} p” -4u(1+a)(1+3a)-2p(1+ 22 o 
if u < 0; 
(1420) -u(1+a)(1+82) |p" +2(1+2a)" p(4- p”) 
32 (Le22]' -u(1+a)(1+3a)| p? (4- p°) 
à +(4-p?) re22) - (1e a (rea) p” +4u(1+a)(1+3a)-2p(1+2a} |o 


(1+2a)?  . 
(1+a)(1+3a) 


(3.10) C(a)la,a, - ua; 


ifO<us 


[u(1+a)(1+8a)-(1+20)" |p’ +2(1+2a)" p(4- p”) 

+2| (1 (132) - (122). |p’ (4- p°) 

«(4- p) potra) 0a) - (1 22) ] p HAn(L ea) (re 3a) - 2 (122) |o 
(124) 

(1+@)(1+3a) 





if u 2 


= F(ô). 
F'(ô)>0 and therefore F(ô) is increasing in [0,1]. F(ô) attains its maximum value at 5 - 1. 
(3.10) reduces to 

|(1+2a} -u(1+a)(1+3a)|p' «2 (Le22 -u(1+a)(1+3a) |p? (4- »*) 


«(4 -p) (+20) -u(1+a)(1+ 3a)| p' -4u(1+a)(1+3a) |i <0; 


|(1+2a} -u(1+a)(1+3a)|p' «2 (Le22 -u(1+a)(1+3a) |p" (4- »*) 
0420)  . 
(1 a)(1* 32) 





C(a)la,a, - na} | < (a-r) (1422) -u(1+a)(1+3a)} p” +4u(1+a)(1+ 3a) ifo <u< 


[u(1+a)(1+3a)-(1+2a)} |p' +2[u(1+a)(1+3a)-(1+2a} [5 (4- p’) 





«(4- p) Inna (r2) - (1722) 1p +4u(1+a)(1+3a),if u 2 un 
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(3.11) C(a)|a,a, - ua; | < max G(p), 


Case (i) 4x0 


G(p) = -2| (1+ 2a) -u(1+a)(1+82) |p" +4) 3(1+ 20) -2u(1+a)(1+3a)| p” -16(1+a)(1+3a)u 
G(p)is maximum for 


G'(p)- -8((L«22)' -u(1+a)(1+3a) |p" +8[3(1+20) -2u(1+a)(1+3a)|p =0 





[a(1+ 20) -2u(1+a)(1+3a)| 








. . . p = . 
which implies that [0+2 j itis a)(1+ 3a) 
Putting the corresponding valuelof G(p) along with C(o) from (3.8) in (3.11), we get 


(3.1) 


2 
Case (ii) 0 < u « 20) 


G(p)- -2| (1422) -u(1+a)(1+3a) |p" +ala(1+2a) -4u(1+a)(1+3a) |p +16(1+a)(1+3a)u 


314 2a)” 
4(1+a)(1+3a) 





Sub-case (a) 0< u< 


It is easy to see that G(p) is maximum at 








[3(1+20) ~4y(1+a)(1+8a)| 
(1420) -u(1+a)(1+3a)| ' 
Substituting the corresponding value of G(p) and the value of C(a) in (3.11), (3.2) follows 


3 + 2a)” eed (1+ 2a)’ 
4(1+a)(1+ 3o) 2m (1+@)(1+3a) 





Sub-case (b) 
G'(p)<0 and G(p) is maximum at p=0 
In this sub-case max G(p) = 16(1+ a)(1+38a)y. 
ii. (14 2a)? 
Case (iii) EET 
G(p)= -o| u(1+a)(1+3a)-(1+2a) |p' 4) 2u(1+a)(1+8a)-3(1+20) |p +16(1+a)(1+3a) a 


(1+2a)’ 3(1 + 2a)’ 
Eus 
(1+@)(1+3a) 2(1+@)(1+3a) 





Sub-case (a) 
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G'(p)<0 and maximum G(p)=G(0)=16(1+a)(1+3a)u 
Combining the cases (ii)-(b) and (iii)-(a) we arrive at (3.3) 


3(1 + 2a)? 


Sub-case(b) „> 2(1 a j1«3a) 








[2u(1+a)(1+80)~a(1+20) | 
[a(s (r«32)- (122) 


Substituting the corresponding value of G(p) and the value of €(a) in (3.11), (3.4) follows 





A simple calculus shows that G(p)is maximum at p = 


Remark 3.1 Put A=1 and B= -1 in the theorem we get the estimates for the class R, (a) : 


Taking A = 1,B = -1 and «-0 in the theorem we have 
Corollary 3.1 Iff € R , then 








la,a, - pa} | < 2(1-y 





Letting A = 1,B = -1 and a - 1 we get 
Corollary 3.2 If f e R, then 


2 
(27 -164) ENT 


144(9 - 81) 9 


(27 - 324) TTE! 
ua, - a2|<}144(9-8u) 9 32 














This results was proved by Janteng et al [4] 
Theorem 3.2 Let f € R, (a;A,B) , then 


2 
laa, - na} | < 
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eu 21(1+ 2a} -162(1 a (1 32)] AN 
(3.12) NS 144(1+a)(1+8a)(1+2a) lo(1 22) -8u(1+a)(1+32) | 9(1+2c) 
ifu<0 
=) [211+ 2a} -32u(1 + a)(1+3a)} EE 
(3.13) AE 144(1+a)(1+3a)(1+2a) [o(1--22) -84(1+a)(1+3a)} 9(1+2a) 
cele 
(3.14) 9(1 ad l 
" 27(1+2a) ae 27(1+2a) 
32(1+a)(1+3a) 16(1+a)(1+3a) 
= {16u(1+a)(1+8a)-27(1+22)'} uw 
(5.18) A-B 144(1+a)(1+3a)(1+2a) {8u(1+a)(1+32)-9(1+2a)'| 9(1«24) 
i | 16(1+a)(1+3a) 





Proof. We have 





"T 1+ Aw(z) 
f (z) * azf (z) “T+ Bu(z) 
Taking real parts, 
; , 1+ Aw(z) 1-Ar 1-A T 
Rel f'(z)+azf (z)|=Re 1+ Bu(2) D D (z|- n 








This implies that 
1- 


(3.16) Ha Z 





Identifying the terms in (3.16), we get 








a -[4-B)\_P 

2 | 1-B 2(1+a) 
_{A-B p. 

(3.17) a, =| sede) 
a -[4-B P; 











* (1-B J4(1+3a) 
System (3.17) yields 
(3.18) C(a)(a,a, - ua?) =9(1+2a) p, (4p,)-84(1+a)(1+3a)(2p,} , 
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2 
(3.19) o(a)=(4=2) [288(1+a)(1+82)(1+20)"| 
By Lemma 2.2, (3.19) can be written as 
Claaza, - wa?) =9(1+ 2a} pip? 20.4 - p? k- pilt- pe x? + 2(4- oth laf k 





-8u(1+a)(1+3a)| p? +(4-p?)x] 


for some x and z with E <Ljz<1. 








or 


(3.20) C(a)(a,a, - ua?) -|9(1+20) Bu(1+a)(1+3a) |p} -2|9(1+ 20) 8u(1+a)(1+3a) |p? (4- px 








-(4- x) [p «22) -8u(1+a)(1+3a)+324(1+a)(1+ 3a)} e 
+18(1+2a) p, (4- p)(1-[x)'e l 
Replacing p, by pe [0,2] and applying triangular inequality to (3.20), we get 
9(1+2a) -8u(1+a)(1+3a) 


C()|a,a, - ua; < pt 








2þp(1+2a) -8u(1+a)(1+3a) 





p’(4-p’)6 
«(4- p) |9(1+2a} -8u(1+a)(1+3a) |p* [pala «ens |o? 
sa8(1« 22) p(4-p*)(1-|o} | (6 =|x|< D 


which can be put in the form 
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[9(1+20) -Su(Lea (13a) |p +18(1+2a) p(4- p") 
sa 9(1e2a) -8u(1+a)(1+82)] p*(4~p*)o 


sag -&u(Lea)(1 32) p” -32u(1- a) (13a) 


pn < 0; 
2 
-18(1+ 2a) p 


[9(1+20) -Su(Lea (1-32) |p +18(1+2a) p(4- p") 
+2[ 9(1+2a) -8u(1+a)(1+3a) | p*(4—p*)o 
sien asp =O (ta) buie) P 
-18(1* 2a) p 
9(1+2a) 


ee a(1+a)(1+82) 





[8u(1+a)(1+8a)-9(1+20)" |p' «18(1 22) p(4- p°) 
2 8u(1+a)(1+3a)-9(1+2a) |p*(4-p*)o 


1+a)(1+8a)-9(1+2a) |p? ee 





pus 8(1+a)(1+3a) 


= r( 


F'(5) > Owhich means that F(s) is increasing in [0 , 1] and F(2) 


attains maximum value at 6 =1 
(3.21) reduces to 
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[9(1+20) -Su(Lea (13a) |p’ «219 (L« 22) -8u(1+a)(1+3a) |p? (4- p”) 


«(4- p^) (+20) -8u(1+a)(1+3a)} p” -32u(1+a)(1+ 3a) fu <0; 


[9(1+20) -8u(1+a)(1+3a) |p" +2[ 9(1+2a) -8u(1+a)(1+3a) p? (4-5) 
«4 - p^| fo(1+2a) -8u(1+a)(1+3a)} p” +32u(1+a)(1+3a)| 


< 9(1+2a) 


^] | ISP Sra eas) 








(a.a, z ua; ) 





[8u(1+a) 1+3a)-9(1+2a) |p" +2[8u(1+a)(1+3a)-9(1+2a)" [p (4- p”) 


+(4-p’) lsu(1+a)(1+3a)-9(1+2a)} |p? +32u(1+a)(1+3a)| 
( 





"TE 1+2a) 
7^7 SG a (3a) 
Or 
(3.22) C(a) (aa, - ua?) «G(p) 








Case (i) 4x0 

G(p)- -2| 9(1+2a) -8u(1+a)(1+3a) |p" +4) 27(1+20) -164(1+a)(1+3a) |p’ 
+128(1+a)(1+3a)u . 

G(p) is maximum for 


G'(p)- -8901 + 2a} —8u(1+ a1 -3a)|p? - S + 2a)’ -164l + aX1+3a)lp =0 


which gives 


ucc | 


9(1«2a) -8u(1+a)(1+3a) 








Putting the corresponding value of G(p)along with the value of C(a) from (3.19) in (3.22), 
we get (3.12). 
2 
9(1+2c) 
8(1+a)(1+3q) 





Case (ii) 0<w< 


G(p) = -2| 9(1+20) -8u(1+a)(1+3a)|p" val 27(1+20) -324(1+a)(1+3a) |p? 


+128(1 + a)(1 + 8a) u 
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27(1+2a) 
32(1+a)(1+3q) 





Sub-case (a) 0< ws 


An elementary calculus shows that G(p)is maximum at 


: 27(1+2a) ~32u(1+a)(1+3a) 

ruo ue ' 
With the corresponding value of G(p) along with the value of C(a) in (3.22) , we arrive at 
(3.13). 














27(1+2a) 
32(1+a)(1+3a) 


9(1+2a) 


Sub-case (b) 8(1+a)(1+3a) 





Sus 


G'(p)«0 and G(p) is maximum at p=0. 

max G(p) = G(0) = 128(1+ @)(1+3a)u. 
9(1+ 2a) 

8(1+a)(1+3a) 





Case (iii) «= 


G(p)- -2| Su (1 (132) - (122) |p’ +4l16u(1+a)(1+3a)-27(1+2a} |p’ 


+128(1+@)(1+3a) yu. 


7 o(1+2a} 2l 27(1+2a) 
u eS a eia 


G'(p)<0 and MaxG(p)=G(0)=128(1+a)(1+3a)u . 

Combining the cases (ii-b) and (iii-a), (3.14) follows. 
27(1+2a) 

16(1+a)(1+3a) 





Sub-case (b) “= 





16u(1+a)(1+3a)-27(1+2a) 





An easy calculation shows that G(p) is maximum at p = - 
8u(1+a)(1+3a)-9(1+2a) 


Substituting the corresponding value of G(p) along with the value of C(a) in (3.22), we 


obtain (3.15). 
Remark 3.2 Putting A=1 and B= -1 in the theorem we get the estimates for the class R, (a). 


Remark 3.3 Letting A = 1,B = —1and a@=0 inthe theorem, corollary 3.2 follows. 
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